Utility based indifference pricing and hedging are now considered to be an economically natural method for valuing contingent claims in incomplete markets. However, acceptance of these concepts by the wide financial community has been hampered by the computational and conceptual difficulty of the approach. In this paper we focus on the problem of computing indifference prices for derivative securities in a class of incomplete stochastic volatility models general enough to include important examples. We present a rigorous development 
by Hodges and Neuberger (1989) . The purpose of the present contribution to this field is twofold: first, to provide a class of realistic and financially relevant examples where indifference pricing and hedging can be rigorously and fully solved and these concepts explored in detail; and second, to provide a new way to understand volatility derivatives, which have recently become an important class of financial products (see Friz and Gatheral (2005) , Carr, Geman, Madan and Yor (2005) . Along the way, to keep the narrative interesting, we use a new and direct duality argument to derive the basic indifference results for two dimensional models, instead of using by now well-understood arguments involving PDEs.
We consider stochastic volatility models of the form
for initial values S 0 , Y 0 > 0, µ − r > 0, independent one-dimensional Brownian motions W t and Z t generating a standard filtration (F t ) 0≤t≤T on the probability space (Ω, F, P ), and correlation parameters ρ andρ = 1 − ρ 2 .
Here S t denotes the discounted stock price at time t, and Y t = σ 
is such that the density
gives rise to a well-defined equivalent local martingale measure Q with finite relative entropy with respect to P .
Observe that Assumption 1.1 is weaker than the usual global Lipschitz continuity and growth conditions that are sufficient for the existence of a strong solution (S t , Y t ). This avoids ruling out from the start some of the most popular stochastic volatility models, such as the Heston model, for which Y t is a square-root diffusion that does not satisfy the global Lipschitz condition. Moreover, our volatility function
is neither bounded from above nor bounded away from zero, as is assumed for instance in Sircar and Zariphopoulou (2005) . Thus, we allow for the introduction of realistic stochastic volatility models at the expense of having to verify the existence of unique strong solutions to (1) case by case.
Regarding the claim B, observe that Assumption 1.2 is significantly weaker than requiring B to be bounded. While boundedness of B is useful in order to assert regularity and growth properties for the indifference prices, it automatically excludes most of the volatility derivatives that are actually traded in financial markets. Two important examples of such derivatives are the variance swap, obtained when
and the volatility swap, obtained when
These derivatives would be ruled out from the beginning if we assumed that the claim B is bounded; instead, we require the weaker integrability condition (2), which is sufficient to develop the indifference pricing framework.
Given a particular market model, we must then verify that the claims of interest satisfy (2), for example by exploring the distributional properties of the process Y t .
Finally, Assumption 1.3 is necessary to our analysis since, as we are going to see, the indifference price for volatility derivatives can be expressed in terms of Q-expectations. The measure Q is known as the minimal martingale measure and has been investigated in the context of indifference pricing in several of the references quoted above. Although Assumption 1.3 is slightly stronger than requiring viability of the market (in the sense of existence of an equivalent martingale measure), it can also be directly verified for the stochastic volatility models of interest to us.
The remainder of the paper is organized as follows. In Section 2, we survey known results for the optimal hedging problem and show how it leads to the concepts of certainty equivalent and indifference price of a claim as introduced by Hodges and Neuberger (1989) . We list sufficient conditions for the existence of an optimal hedge specific to the case of an exponential utility U (x) = −e −γx with risk aversion parameter γ > 0. The central definition in this subject is that of an optimal hedging portfolio for an investor trading in the market defined by the discounted asset process (1).
It corresponds to the self-financing strategy followed by investors with initial wealth x who, when faced with a (discounted) financial liability B maturing at a future time T , try to maximize their expected utility of terminal wealth by solving the stochastic control problem
where γ > 0 is the risk-aversion parameter. Here X T is the discounted terminal wealth obtained when at each time t one holds H t units in the traded asset and e rt (X t − H t S t ) dollars in a riskless money market account.
The discounted wealth process X t satisfies the self-financing condition
for a control process H ∈ A. To complete the specification of the admissible portfolios A, let M a (S) and M e (S) denote respectively the sets of absolutely continuous and equivalent local martingale measures for S and let M f (S) denote the set of measures Q ∈ M a (S) with finite relative entropy with respect to P . Denoting by L(S) the set of predictable S-integrable processes, we follow Becherer (2004) and take the set of admissible portfolios to be
As noted in the introduction, Assumption 1.3 implies that the set M e ∩ M f is nonempty, so that the market is viable. (2002)) that the optimal hedging problem (7) has a unique solution
where ξ = u (x) and Q B ∈ M f ∩ M e is the unique maximizer of the corre-
The indifference price and the certainty equivalent
An agent with exponential utility U (x) = −e −γx and initial wealth x will charge a premium for issuing a liability B maturing at T . The seller's indifference price for the claim B is defined to be the premium that makes the agent indifferent in the expected utility sense between making the deal or not, that is, the unique solution π B to the equation
It is convenient to express the indifference price in terms of the certainty equivalent process (c 
where X t is the wealth obtained from an initial value x by trading according to any admissible portfolio H up to time t. In the case B = 0, then the optimal hedging problem becomes the Merton optimal investment problem and we denote the certainty equivalent process by c 0 t . From (11), it is clear that Q 0 is the local martingale measure that minimizes the relative entropy with respect to P and is therefore called the minimal entropy martingale measure for the market.
The conditional version of (12) is thus equivalent to
so that the indifference price process is given by
3 Volatility risk premium and the hedging portfolio
As we have seen in the previous section, the solution of the hedging problem (7) (2004)). Nevertheless, the optimal measure Q B induces a market price of risk associated with the claim B as follows.
Given the optimal measure Q B associated with the claim B, consider the density process
which, being a strictly positive martingale, can be expressed as the solution
for adapted processes λ B t and ν
price S t is a local Q B -martingale and hence we must have that
The remaining process ν B t completes the specification of the utility based market price of risk associated with the claim B.
We next prove a simple proposition giving the general functional form for the market price of risk and optimal portfolio associated with the claim B, valid whenever the certainty equivalent c B is sufficiently regular. 
and the unique optimizer
Proof: It follows from (10) that
where we have used the definition of the certainty equivalent process c 
Comparing this with (17) and (18) gives the result. 
with terminal condition c B (T, y, v) = B(y, v).
As noted in section 2.2, the solution to Merton's problem leads to the minimal entropy martingale measure Q 0 , whose density process Λ
can be written as dΛ
where ν 0 is obtained from (19) by setting B = 0, that is Proof: The same argument used in the proof of Proposition 3.1 shows that
Therefore
It is then clear that e 
Here dZ 0 t = dZ t + ν 0 t dt defines a Brownian motion under Q 0 ,and we adopt the notation ∂ y π B t for the process ∂ y π(t, Y t , V t ).
Proof: From (27) we have that
From the functional form for the optimal portfolios H B and H 0 obtained in Proposition 3.1 we obtain
Substitution into (28) and integration from t to T completes the proof. is a Q-martingale.
Pricing formulas
Proof: It follows from Itô's formula that
which in turn implies that t -adapted process such that and P [
where L t is the stochastic exponential satisfying dL t = t L t dM 2 t with L 0 = 1.
If we now defineΛ t := E d e Q dP F t , then the two stochastic exponentials Λ t Ξ t and Λ B t can be thought of as Radon-Nikodym derivatives of measure changes away from the measure P . Direct computation using (17), (18) and (19) then verifies the following factorizations:
where
By applying Lemma 4.2 to the F
one finds
The required conditions P [ By the martingale condition on Ξ t , it is immediate to verify that
and, by the same argument 
As an explicit application of the previous section, we consider the indifference pricing for q units of the variance swap, defined by the total discounted payoff
Various papers, notably Carr et al (2005) and Friz and Gatheral (2005), have studied the pricing of these increasingly traded derivatives by a robust replication argument. Their method relies on exactly hedging the volatility derivative by taking positions in an infinity of equity options, and is therefore suited for mature markets, where calls and puts on the underlying asset are extensively traded. In contrast to their method for an "over-complete" type of market, our method provides a rational hedge for volatility derivatives that involves trading only the underlying asset itself, and is therefore better suited for new and emerging markets.
The next subsections introduce two classes of stochastic volatility models based on an auxiliary Cox-Ingersoll-Ross process Ψ t governed by the SDE
where M t is a P -Brownian motion and the constant parameters (A, B, C) satisfy 2A ≥ C 2 which guarantees that 0 is a non-attainable boundary, and B ≥ 0 (note that B > 0 guarantees that the process mean-reverts).
As we shall see, the right sides of formulas (34), (32), (33), which we denote byπ 
This function has been studied in Hurd and Kuznetsov (2006) , where the following explicit formula in terms of the confluent hypergeometric function 1 F 1 was presented:
, where
It remains to be shown that these candidate functions, which are smooth and solve (23), are indeed equal to the true optimizers π 
Heston Model
The Heston model (Heston 1993 ) has the form (1) where σ 2 t = Y t has CIR dynamics given by (36) for the Brownian motion M t = ρW t +ρZ t and coefficient
We now proceed to verify that the standing assumptions of 
Reciprocal Heston Model
We now exploit the Ψ → Ψ −1 symmetry inherent in (37) and define a new model of the form (1) with
where Ψ t is a CIR process of the form (36) driven by the Brownian motion M 1 t . This model, which we call "reciprocal Heston", has a number of desirable properties. The reciprocal of a CIR process, being positive and mean reverting, is a reasonable model for stochastic squared volatility that has recently been studied by Chacko and Viciera (2005) . The reciprocal CIR process has also been used by Ahn and Gao (1999) as a term structure model for which bond prices can be computed analytically.
As before, we use Proposition 5.1 to find conditions on the model that guarantee the assumptions of Section 1 hold. Since for the variance swap 
While it is not our purpose here to explore the details of the above formulas, it is nonetheless worthwhile to consider briefly how indifference prices compare to other pricing methods for the variance swap. We take the Bakshi et al 
